Implementing general measurements on linear optical and solid-state qubits 
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We show a systematic construction for implementing general measurements on a single qubit, 
including both strong (or projection) and weak measurements. We mainly focus on linear optical 
qubits. The present approach is composed of simple and feasible elements, i.e., beam splitters, wave 
plates, and polarizing beam splitters. We show how the parameters characterizing the measure- 
ment operators are controlled by the linear optical elements. We also propose a method for the 
implementation of general measurements in solid-state qubits. 

PACS numbers: 42.50.Dv,42.50.Ex 



I. INTRODUCTION 

The description of measurement in quantum mechan- 
ics [H-13| is formulated as an operation to extract infor- 
mation from a quantum system. This operation causes a 
disturbance to the system. This means that the measure- 
ment accuracy (or the amount of information extracted 
from the system) is closely related to the back-action 0- 
9]. This is a curious feature of measurement processes 
in quantum mechanics. Such a character is actively used 
in measurement-based methods for quantum engineering 
(e.g., Refs. [TM3)- 

A general (or weak) measurement is associated with a 
positive-operator valued measure (POVM) [2|. A POVM 
on a measured quantum system can be expressed as a 
projection- valued measure in an extended system includ- 
ing the target system and an ancillary (or probe) system, 
as seen in, e.g., Ref. Therefore, we may construct ar- 
bitrary measurements from von Neumann measurements 
on the extended system. However, this statement does 
not give a specific and simple recipe to design measure- 
ment operators. Hence, a systematic approach to realize 
this general idea in specific physical systems is highly 
desirable. 

A large number of experimental studies on general 
measurements have been performed. Huttner et al. [ij} 
discriminated with two nonorthogonal states. Gillett 
et al. |18l | demonstrated quantum feedback control for a 
photonic polarization qubit. A polarizing beam split- 
ter with a tunable reflection coefficient was used on the 
above-mentioned two experiments. Kwiat et al. [l9| im- 
plemented an entanglement concentration protocol with 
a partial-collapse measurement in a photonic qubit. Kim 
et al. [2(| demonstrated a reversal operation of a weak 
measurement for a photonic qubit. The key idea in the 
two experiments is to use Brewster-angle glass plates. 
Katz et al. [2l| performed a conditional recovery of a 
quantum state with a partial-collapse measurement in 
Josephson phase qubits. Iinuma et al. 12211 studied the 
observation of a weak value. Kocsis et al. [23J examined a 
photon's "trajectories" through a double-slit interferom- 



eter with weak measurements of the photon momentum. 

In this paper, we show a method to implement gen- 
eral measurements on a single qubit, including both von 
Neumann and weak measurements. We mainly focus on 
a linear optical qubit. Depending on the path degree 
of freedom in an interferometer, a polarization state is 
transformed by a non-projective positive operator. We 
develop the idea proposed in Ref. [H| and give a sys- 
tematic prescription for designing various measurement 
operators. The present approach is composed of sim- 
ple and basic linear optical elements, i.e., beam splitters, 
wave plates, and polarizing beam splitters. We show how 
the parameters characterizing the measurement opera- 
tors (e.g., the measurement strength) can be tuned. Fur- 
thermore, we show a method for implementing general 
measurements on a solid-state qubit. 

The paper is organized as follows. In SecHH we show 
the basic idea for constructing general measurements on 
linear optical qubits. The notation used in this pa- 
per is explained, there. In Sec. lIIIl we propose sys- 
tematic approaches for implementing measurement op- 
erators. These method are simple and could be imple- 
mentable in experiments. In addition, in Sec. lIVl we 
study how a general measurement can be implemented 
in solid-state qubits. Section [V] is devoted to a summary 
of the ideas and the results. 



II. SETTING 

Let us consider a linear optical system with N input 
and N output modes. The following arguments are also 
applicable to other physical systems such as neutron in- 
terferometers [24[ ■ The annihilation (creation) operator 
in the nth input mode is defined as a; n ,n (a^ n ) with 
n = 1, 2, . . . , N. The vacuum |0) is defined as ai ni „|0) = 
0. The bosonic canonical commutation relations are 
[ain,m,al n n ] = 6 nm and [aj n ,m, Oin,n] = [<Hn,m> &m,n\ = °- 
Similarly, we define the annihilation (creation) operator 
in the nth output mode as d ou t,n (o£ u t «)■ A single pho- 
ton with arbitrary polarization enters the system from 
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the first input mode. The polarization is described by a 
vector \ip) € C 2 , with (ip\ip) = 1. We assume that the 
input state is a pure state \^) = ® a[ n 1 |0). In this 
setting, the photon polarization is measured, using the 
path degree of freedom in the interferometer as an ancil- 
lary qubit. We note that the arguments in this section 
can be straightforwardly extended to the case of a mixed 
initial state of polarization. 

We calculate the photon state at each output mode. 
The field operators at the output modes are related 
to the input modes via a linear canonical transforma- 
tion [25l - [28j because the system is composed of linear op- 
tical elements (e.g., beam splitters). The polarization 
of the photon at the nth output mode is described by 
\<Pn) = (Oloout.nl^)- Thus, we find that in terms of the 
output mode operators the photon state is written as 

|* (out) ) = J2n=i I'M ® aLt.nl )- Since we assume that 
there is no photon loss, we have (i]/ out |iI/ out ) = (*|*). 
The linearity of the system indicates that there exist 
linear operators X n on C 2 such that \cf) n ) = X n \ip). 
The normalization condition = 1 implies that 

J2 n= iXlX n = I 2 , where the identity operator on C 2 
is Therefore, we find that the initial state is 
transformed by a linear operator which is related with 
an element of a POVM. 

It is convenient for designing various kinds of POVM 
to add another linear optical system to some of the out- 
put modes in the interferometer before the photon de- 
tection. For example, let us set wave plates in each 
output mode. The wave plates in the nth mode de- 
scribe a unitary gate V n given as the unitary part of 
X n . Using the right-polar decomposition [29jj . we find 
that X n = V^M n , where M n = (XtA"„) 1/2 is a positive 
operator. The role of the wave plates is to remove the 
effect of the unitary evolution from X n . Using the 
application of such "path-dependent" unitary operators, 
we find that |*(° ut )> -> £^ =1 |^„) ® a^jO), where 
\ipn) — Vn\<f>n) = M n \ip). The measurement operators 
M n satisfy J2n=i M^Mn — li. Thus, we have the mea- 
surements corresponding to the POVM {E n }n=i with 
E n = M^M n . The positive operator M n is the essen- 
tial part (i.e., the back-action associated with the mea- 
surement) of non-unitarity of X n and called minimally- 
disturbing measurement, following Ref. [Bj]. Throughout 
this paper, we will focus on such minimally-disturbing 
measurements. 

Let us characterize the measurement operators M n . 
We can expand M n as M n = J2i=i m n,i\'rn rhi )(m n . i \, with 
the eigenvalues m n; i (> 0) and the associated eigenvec- 
tors |m nj j). The eigenvalues are related to the measure- 
ment strength, while the eigenvectors are regarded as the 
measurement direction. Let us consider the case when 
m n> x — 1 and m n ^, = 0, for example. We find that M n 
is a projection operator (i.e., a sharp measurement) in 
the direction of m ni i, where fh n ^ is the Bloch vector 
corresponding to |m ni i)(m ni i|. The indistinguishability 



between the elements of a POVM is characterized by the 
Hilbert-Schmidt inner product Tr E^E m for n ^ m. The 
elements of a projection- valued measure are distinguish- 
able (i.e., the inner products are zero), for example. Now, 
we pose the question: How are these measurement fea- 
tures controlled by typical linear optical devices? We will 
answer this question in the next section. 
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FIG. 1: Schematic diagram of a proposal for implementing 
symmetric, arbitrary-strength two-outcome measurements on 
a single-photon's polarization. This setup is essentially equal 
to the one in Ref. [22J. Three kinds of field operators (i.e., 

C2m,7i, thnt.n, and &out,n 

) are needed for representing the path 
degrees of freedom. A single photon with arbitrary polar- 
ization (described by \tp)) enters a polarizing beam splitter 
(PBS). Next, the polarization is transformed by a wave plate 
(WP) in each arm. Then, the two arms are recombined in a 
beam splitter (BS). After performing unitary gates Vi and Va 
for compensation purposes, the resultant polarization states 
are expressed in terms of the measurement operators Mi and 
M 2 given in Eqs. |T]) and (T2]). 
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FIG. 2: (Color online) Measurement direction of the mea- 
surement operators ([TJ and ([2]) for the measurement strength 
e = 0.9 (red solid), 0.6 (blue dashed), and 0.3 (magenta dot- 
ted). The horizontal axis represents the reflection coefficient 
r of the beam splitter, while the vertical axis is the polar 
angle 9 of the measurement direction. All curves merge at 
(r, 6) — (l/\/2, t/2). This case corresponds to the use of a 
50 : 50 beam splitter in Fig.[l] 
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FIG. 3: Schematic diagrams of the construction for general 
measurements with (a) two outcomes and (b) N outcomes 
(N — 4). In (a), the interferometer for a symmetric arbitrary- 
strength two-outcome measurement followed by a beam split- 
ter leads to general two-outcome measurements. The final box 
leading to M^tp) after the last beam splitter represents a uni- 
tary gate for compensation purposes. Depending on system's 
parameters, this unitary gate becomes either a phase-shift 
gate or the identity operator (i.e., does nothing). In (b), the 
repeated application of general two-outcome measurements 
(GTOM) allows the construction of a POVM with multiple 
outcomes. 



III. DESIGN OF GENERAL MEASUREMENTS 
ON LINEAR OPTICAL QUBITS 

A. Symmetric arbitrary-strength two-outcome 
measurements 

Let us first define a special class of general measure- 
ments, which is the target operation in this subsection. 
We consider a symmetric two-outcome POVM in C 2 com- 
posed of convex combinations of two orthogonal projec- 
tion operators 



M 1 = y^|m + )<m + | + y^|m_)<m_|, (1) 

M 2 = yiH£|m + )<m + | + yi±^|m_>(m_|, (2) 

with < e < 1 and (m + |rn_) = 0. Adjusting a real 
parameter e allows arbitrary measurement strength. We 
find that if the coefficient for \m + )(m + \ increases, then 
the one for |m_)(m_| decreases, and vice versa. Thus, 
these measurement operators are symmetric or balanced 
with respect to the parameter e. We call the mea- 
surements described by these linear operators symmet- 
ric arbitrary-strength two-outcome measurments (SAS- 
TOM) on C 2 . The disturbance induced by a SASTOM 
is considered to be minimum, as shown in Ref. 0. An- 
other important property of a SASTOM is Tr M^Mi = 
Tr M\m 2 = 1- An application of a SASTOM to quantum 



protocols is shown in, e.g., Ref. (l6j . 

Now, we propose a systematic way to construct this 
measurement. Let us consider an interferometer with 
two input and two output modes, as shown in Fig.ffl A 
single photon enters a polarizing beam splitter [301 ] from 
the first input mode. Subsequently, its polarization at 
each arm is transformed by wave plates. Then, the two 
modes are recombined in a beam splitter. This system 
is essentially the same as in Ref. [22|]. We reformulate 
the construction manner of a SASTOM in Ref. [22j and 
extend it to make more general types of measurements. 
Unlike the proposal in Ref. (22|, our proposals use beam 
splitters with tunable reflection coefficients. 

Let us apply the basic idea in Sec.|TI]to this interferom- 
eter. We need three kinds of field operators for describing 
the path degrees of freedom, i.e., input, intermediate, and 
output field operators, as shown in Fig.Q] We have an 
initial pure state 

= 1^) ® ay o), |v) = ch|h) + cv|v), 

with the horizontal polarization state |H) and the verti- 
cal polarization state |V). The field operators ai n t jn and 
aj nt at the output modes of the polarizing beam split- 
ter are related to a m ^ n and al nn via a,i nt ^,i = »in,H,i, 

Oint,H,2__= ain,H,2, flint, V,l = flin,V,2, and a int: V,2 = 

Sin,v,i [28j |. where aj ni H,i = |H)(H| <g) a in ,i, etc. After the 
single photon passes through the polarizing beam split- 
ter, we find that the photon state is written as |^( int )) = 

M ® a L,il°) + M <8> 4rt,2l°) with M = c hI h > and 
\u 2 ) = cy|V). We remark that the polarizing beam split- 
ter produces entanglement between the polarization and 
the path degrees of freedom in the interferometer. Next, 
we perform unitary operations for the polarization on 
each of these intermediate modes with the wave plates. 
The use of half- and quarter- wave plates allows the con- 
struction of arbitrary elements of SU(2) [3l|, |32j. Hence, 
using the path-dependent wave plates, we find that 

2 

i^ (int) >^E^K)®«UJ°)' 

ra=l 

with U n £ SU(2). The canonical transformation associ- 
ated with the beam splitter [13, HU is a ou t,i = ™int,i + 
thnt,2 and d out ,2 = ta- m t.i - ra int ,2, where r 2 + 1 2 — 1 and 
< r, t < 1 . After the single photon passes through the 
beam splitter, we find that the photon state is expressed 
by 

2 

l* ( ° Ut) )=El^)® a out,JO>, 

71 = 1 

where |0i) = rUi\ui) + tU~2\u2) and \(f>2) = tUi\ui) — 
rC/2|w 2 )- We find that the linear operators satisfying 
\(j> n ) = X n \i>) are X ± = rJ7i|H)(H| + «7 2 |V)(V| and 
X 2 = tf>i|H)(H| - H7 2 |V)(V|. The positive operators 
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associated with X\ and X 2 are given, respectively, by 
Eqs. (P) and © with 

e = y/l -ArH 2 {\ - |uf), w = (R\UlU 2 \V). (3) 

The definition of w implies that the choice of the unitary 
gates Ui and U 2 is not unique for constructing the mea- 
surement operators M n . For example, one can set U\ as 
the identity operator and still obtain any desired value of 
w by adjusting U 2 . Iinuma et al. [22j set U\ = fl\, which 
results in a real value for w and thus imposes a constraint 
on the measurement operators that can be constructed. 
The range of \w\ is < |u;| < 1 since w is an off-diagonal 
element of a unitary operator. The basis vectors \m + ) 
and |to_) for m^O are 

\m+) =cos^|H)+e-^ 2 sin^|V), (4) 
|m_) = -e^ /2 sin^|H) +cos^|V), (5) 

where tan(0/2) = (t 2 - r 2 + e) /2rt\w\ and e^' 2 =w/\w\. 
When w = and r 2 > t 2 (r 2 < t 2 ), we have |m+) = |H) 
and |m_) = |V) (|m+) = |V) and |m_) = -|H)). The 
fact that [x\Xi, xlx 2 ] = indicates that Mi and M2 
are simultaneously diagonalizable. The expression for V n 
such that X n — V^M n is calculated straightforwardly. 
After the applications of V n , we find that 

2 

i* (out) )^E^>^°ut,«io). 

n=l 

The tunable parameter e is the measurement strength 
and completely determines the indistinguishability be- 
tween the POVM elements, Tri^ = (1- e 2 )/2. Thus, 
we have shown that the interferometer drawn in Fig. [I] is 
a measurement apparatus for performing a SASTOM. 

Let us show how the SASTOM can be adjusted via 
the linear optical elements. The interferometer contains 
three independent control parameters: the reflection co- 
efficient r, the modulus of vo, and the phase of w. The 
latter two parameters are related to the wave plates. 
The measurement direction is characterized by the Bloch 
vector (sin 9 cos </>, sin 9 sin 0, cos 9) . For the calculation 
of the Bloch vector the Pauli matrices are defined as 
a x = |H)(V| + |V)(H|, & y = -i|H)(V| + i|V)<H|, and 
a z = |H)(H| — |V)(V|. Since the azimuthal angle </> is 
equal to the phase of w, this quantity is controlled at 
will via phase-shift gates. The polar angle 9 and the 
measurement strength e are functions of r and \w\. We 
can find that < 9 < it and < e < I when changing 
r and \w\ independently. We evaluate 9 as a function of 
r and e. Figure [5] shows that we can take an arbitrary 
measurement direction for given e. 

The comparison to the method in Ref. [22[ is useful for 
understanding our proposal for a SASTOM. Let us con- 
sider the case when the beam splitter is a 50 : 50 beam 
splitter (r = f/2) and the unitary operators for the wave 



plates are Ui — exp(—i2rjd-y) and Ui = exp(i2rj&y) . We 
find that e = \w\ = | sin(4?7)|, 9 = f , and <\> = 0. The 
measurement direction is fixed, and it is characterized by 
|m+) = (|H) + |V))/V2 and |m_) = (-|H) + \V))/y/2. In 
fact, all curves in Fig. [2] merge at (r, 9) = (l/y/2, n/2). 
Thus, the only tunable parameter in Ref. [22j is \w\. Two 
additional real parameters are necessary for controlling 
the measurement direction of a SASTOM on a single 
qubit. For this purpose, our proposal uses the tunable 
reflection coefficient in the beam splitter and the phase 
of w. Alternatively, the measurement direction can be 
controlled by using additional wave plates (i.e., a unitary 
operator) before the polarizing beam splitter. 



B. General two-outcome measurements 

Various quantum protocols with measurement opera- 
tors not expressed by Eqs. ^ and ([2]) have been proposed 
(e.g., Refs. [HI, [Hj]). In the remaining parts of this sec- 
tion, we extend the approach developed in Sec. lIII Al for 
implementing such general measurements. Two gener- 
alization routes may exist. One involves increasing the 
number of parameters characterizing the two measure- 
ment operators M\ and Mi- The other is to increase 
the number of outcomes. First, we examine the former. 
The eigenvalues of the measurement operators ([IJ and 
(|2"|) are parametrized by e. The measurement direction 
contains the two parameters 9 and <f>. Thus, the number 
of parameters in the measurement operators is equal to 
a density matrix on C 2 . This point is also confirmed by 
the fact that Tr MlM n = 1. Since the positive operator 
M^Mn is a density matrix on C 2 , its square root M n is 
characterized by three real parameters. 

We consider the interferometer shown in Fig.^a). The 
main difference with Fig.[T]is that the present system has 
an additional beam splitter with reflection coefficient r' 
and transmission coefficient t' . Accordingly, we need four 
kinds of field operators for describing the path degrees of 
freedom. The calculations before the last beam splitter 
are the same as in Sec. lIII Al Namely, the first polarizing 
beam splitter creates entanglement between the polar- 
ization and the path degree of freedom. The subsequent 
wave plates transform photon's polarization through uni- 
tary operators depending on the path degree of freedom. 
The corresponding unitary operator U n is an arbitrary el- 
ement of SU(2), as seen in Sec. lIII Al Then, the two paths 
are recombined in the intermediate beam splitter with re- 
flection coefficient r. At this point, the polarization state 
in the nth mode is described by X n \ip). After the pho- 
ton passes through this intermediate beam splitter, the 
unitary operators V\ and V2 are applied to the first and 
the second paths^ respectively, in order to remove the 
unitary parts of X\ and X 2 . These unitary operators V\ 
and V2 are automatically determined when calculating 
the right-polar decompositions of X\ and X 2 ■ Thus, the 
resultant state in the nth mode becomes M n \i))), as seen 
in Eqs. (JXJ) and As shown in Sec. lIII Al in this step, 
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we have three tunable parameters, i.e., r, the modulus of 
W, and the phase of w, where w = (H|£/|?7 2 |V). 

Let us now consider what happens in the additional 
part. We write the input (output) field operators in the 
last beam splitter as a[ nt n and a-„ t „ (a ou t,n and oJ„ tj „). 
The related linear canonical transformations is <z ut,i = 
r'a- ntA +t'a[ ntt2 and a out , 2 = t'a[ ntA -r'a' int2 with (r') 2 + 



(t 1 ) 2 = 1 and < r',t' < 1. After the photon passes 
through the last beam splitter, its state is written as 
|*(°»t)) = Jf n=i x' n \$) ® a+ ut>n |0), where X{ = r'Mi + 

t'M 2 and X 2 = t'M\ — r'M 2 . In other words, we find 
that 



\m + )(m+\ + ' 



X 2 = f 



, 1- E 



|m+)(m+| + ( t'\l^-^- -r' 1 ' 



|m_)(m_|, 
|m_)(m_|, 



where £, and are given in Eqs. ©, Q, and 

(O, respectively. The positive-operator parts of X[ and 
X 2 are i respectively, 



M{ = ^/p\m + }(m+\ + ^/q\m-){m 
)(m. 



M' 2 



p\m^ 



v/T" 



(6) 

g|m_)(m_|. (7) 



The measurement direction is the same as the SASTOM 
in the previous subsection. This means that the basis 
vectors |m+) and |m_) do not depend on the parameter 
r'. We remark that M[ = X[ since X[ is a positive 
operator. The measurement operator M 2 is related with 
the linear operator X 2 via a unitary operator, M 2 = SX 2 , 
with S'S = SS^ = I 2 . With some algebra one can show 
that when 



y/l -e 2 < 2r't\ 

the unitary operator S is a phase-shift gate (i.e., S 
in . in . — |m_) (m_ |). Otherwise, S is equal to the 
identity operator^ up to an overall phase. The measure- 
ment operators M[ and M 2 are characterized by two in- 
dependent positive parameters p and q (0 < p, q < 1). In 
contrast to a SASTOM, the trace of M'jML is not fixed. 



A and Tr M' 2 X M' 2 



1-A, 



We find that Tr M( T M{ = 1 
with A = p + q — 1. The indistinguishability between 
the elements of the corresponding POVM is Tr El'-^ E' 2 = 
p(l - p) + q(l - q), where E' n = M'^M' n . We stress 
that all of the features in the measurement operators are 
tunable via the basic linear optical elements. We also re- 
mark that the action of Eqs. ([6]) and ([7]) can be obtained 
by a polarizing beam splitter with tunable reflection co- 
efficients, which has been used for implementing general 
two-outcome measurements in optical setups [l7|, [l_8| . 

We obtain an important special case of general two- 
outcome measurements when either p = 1 or q = 1. Let 
us consider the case q = 1, for example. This situation 
is realized when e = 1 — 2(r') 2 . We now find that M[ = 



y/p\m + )(m + \ + |m_)(m_| and M 2 = y/l — p\m + )(m + \. 
This is nothing but the partial-collapse measurement of 
Refs. HI]]. One possible application of this type of 
measurements is the proposal by Korotkov and Keane 
[l2| for removing the effects of decoherence. 



C. General multi-outcome measurements 

Next, we examine another generalization of the SAS- 
TOM on C 2 . The repeated application of general 
two-outcome measurements allows the construction of a 
POVM with multiple outcomes. Let us consider a sys- 
tem composed of (N — 1) detectors, each of which per- 
forms a general two-outcome measurement. Figure (3{b) 
shows the case N = 4. At the ^th detector, the first 
output mode corresponds to an outcome, while the sec- 
ond output mode is regarded as an input mode for the 
subsequent device. Thus, we find that the entire system 
has N outcomes. This "branch structure" is one possible 
realization of a multi-outcome POVM. Different geomet- 
ric arrangements of detectors and paths from Fig.[3|b) 
can lead to the same result, as seen in, e.g., Ref. [3I|. In 
this branch structure, the number of measurements per- 
formed changes from run to run, with an average num- 
ber N/2. In the binary-tree structure (33[, the number of 
measurements performed is log 2 N. 

Now, let us show how a general multi-outcome mea- 
surement is implemented. Let us write the measurement 
operators in the £th apparatus as M± and M 2 \ Their 
expressions are given in Eqs. © and ([7]). The measure- 
ment operator corresponding to the £th outcome is writ- 
ten as Ki (£ = 1, 2, . . . , N) and is constructed recursively 
using 



ki = W e M { 1 l) Y e (2<£<N-1), 



K x = M 



>(i) 



K N = W N Y N . 



(8) 
(9) 
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The linear operator Yg is defined as Yg = M 2 ^Yg-i 
(£ > 2) with Y = J 2 . We remark that Yg (2 < I < N- 1) 
is associated with the input mode of the £th apparatus, 
while Yjv is related to the iVth outcome. The unitary 
operator Wg is determined by imposing that kg is a pos- 
itive operator. The identity Xm=i M„ Mn = h leads 
to the relation k\kg + Y^ +1 Yg + i = Y^Yg. This relation 
indicates the conservation law of probability. Using this 
formula, we show that Y]c—i kjkg — I 2 . 

A number of interesting quantum protocols with multi- 
outcome POVM's have been proposed in the litera- 
ture. Two of the present authors (SA and FN) pro- 
posed a measurement-only quantum feedback control of 
a single qubit, for example. Their proposal involves 
a four-outcome POVM satisfying Tr kjkg = 1/2 and 

TtEjEf = f(x) for £ ^ with Eg = kjkg, a continu- 
ous real function /, and a real parameter x (0 < x < 1). 
We remark that / does not depend on the subscripts £ 
and £' , but is a function of x. The real variable x can be 
understood as the measurement strength. An important 
property of this POVM is that the indistinguishability 
is unbiased between arbitrary pairs of elements of the 
POVM. This mutually-unbiased feature can lead to an 
interesing quantum control. The present procedure is 
applicable to the construction of the corresponding mea- 
surement operators since one can freely control the num- 
ber of outcomes, the trace of kjkg, and the indistin- 
guishability. 



IV. SOLID-STATE QUBITS 

Let us consider methods for implementing general 
weak measurements on solid-state qubits. In this pa- 
per, we focus on superconducting qubits [34T - I371 ] . Super- 
conducting qubits have many advantages for quantum 
engineering. Their current experimental status [38| in- 
dicates that various important quantum operations, es- 
pecially controlled operations are implemented reliably. 
The demonstration of controlled-NOT and controlled- 
phase gates was reported in various types of supercon- 
ducting qubits [38-44]. Therefore, it is important for de- 
velopment of measurement-based quantum protocols to 
explore the systematic construction methods for general 
measurements in such interesting physical systems. Sev- 
eral theoretical studies on the implementation of general 
measurements in superconducting qubits have been re- 
ported in, e.g., Refs. [11 HI. lij. l46j . 

Analogies with linear optical qubits are useful for 
designing measurement operators in superconducting 
qubits. Let us consider two superconducting qubits, one 
of which is the measured system, while the other is an 
ancillary system. The former corresponds to the polariza- 
tion in the previous arguments, and the latter is regarded 
as the path degree of freedom in the interferometer setup. 
In the interferometer, the polarizing beam splitter plays 
a central role to create entanglement between the po- 



larization and the path. This operation can be replaced 
with a controlled operation (e.g., a controllcd-NOT gate) 
between the two superconducting qubits. 

Now, we show a method for implementing a SASTOM 
on superconducting qubits. We use the following nota- 
tion. The quantum states of the measured qubit is ex- 
pressed in terms of the basis vectors |+) and |— ) with 
(+|— ) = 0. The ancillary qubit is described by |0) and 
|1) with (0|1) = 0. First, we prepare an initial state in 
the total system 

= M®(a|O>+0|l», (10) 

with a 2 +f3 2 = 1, a,p G R, and < a, (3 < 1. We denote 
an arbitrary state in the measured qubit as |?/>). The state 
preparation in the ancillary system can be achieved using 
single-qubit operations. Next, we apply the controlled- 
NOT gate |+)(+|®/ 2 + |-)(-|®r x , where r x = |0)(1| + 
|1)(0|. The resultant state is |*( out )) = M \ip) ® |0) + 
Mi\ip) (g> |1), where using (3 = Vl — a 2 , 

M a = a\+)(+\ + Vl-a 2 \-)(-\, 

Ah = v /l- a 2|+)(+|+a|->(-|. 

Therefore, by performing a projective measurement on 
the state of the ancillary qubit, we have a SASTOM 
on |^). The measurement direction can be changed us- 
ing single-qubit gates on the measured system before the 
controlled-NOT gate. 

The use of a partial controlled-NOT gate leads to 
the implementation of general two-outcome measure- 
ments. Let us now write down the recipe using U — 
|+)(+| <8> li + \— )(— | <8 exp(i£r x ) and the initial state 
(JTOJ) - See, e.g., Ref. [13] for details of a theoretical 
proposal for performing U. We find that |i]/( out )) = 
t7|*W) = X \ip) ® |0) + Vi|V) ® |1), where X = 
a|+)<+|+(acos£-H/3sin£)|-)<-| and X x =/3|+)(+| + 
(«asin£ + /3cos£)|— )(— |. Depending on the readout re- 
sult of the ancillary qubit, a proper single-qubit operation 
on the measured qubit is performed. Then, we find that 
the state \ip) is transformed by the positive operator part 
of X n . Using the right-polar decomposition, we obtain 
the positive operator parts of Xq and X±, respectively, 

M = a\ +H+\_+ Vl-a' 2 \-)(-l 
Mi = Vl~a 2 \+)(+\+a'\-)(-\, 

where a' = ^[l - (2a 2 - 1) cos(2£)]/2. 

General measurements with multiple outcomes can 
be implemented in a similar manner to that given in 
Sec. lIII 01 If we obtain the result in the ancillary qubit, 
we do nothing. A measurement operator [i.e., K\ in 
Eq. ([9])] is applied to Otherwise we perform a single- 
qubit operation on the measured qubit to change the 
measurement direction and prepare a new superposition 
state in the ancillary qubit. Then, we apply a partial 
controlled-NOT gate to the two qubits again. Depend- 
ing on the readout results of the ancillary qubit, we ei- 
ther obtain one element in the desired POVM [i.e., k 2 
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in Eq. ([8}] or continue to the next step. Repeating this 
procedure, we can obtain any POVM with multiple out- 
comes. Compared to linear optical qubits, the imple- 
mentation of a general multi-outcome measurement in 
superconducting qubits has an advantage with respect 
to scalability. In linear optical qubits, it is necessary for 
the implementation of a general multi-outcome measure- 
ment to prepare all the optical elements corresponding to 
all the possible outcomes before the measurement. When 
the number of the outcomes is large, the setup become 
large and complicated. In addition, most of the elements 
in the measurement apparatus are irrelevant to the state 
in any single run. For example, if one obtains the out- 
come corresponding to k\K\, the remaining parts of the 
measurement apparatus are not used. In superconduct- 
ing qubits, the ancillary qubit can be used in the different 
steps of the measurement process. In contrast to linear 
optical setups, the total system is a two-qubit system 
even if the number of outcomes is large. 

V. SUMMARY 

We have proposed methods for implementing general 
measurements on a single qubit in linear optical and 
solid-state qubits. We focused on three types of general 
measurements on C 2 . The first type is the SASTOM de- 



scribed by Eqs. Q]) and ©. Their associated POVM is 
regarded as a minimal extension of a projection- valued 
measure. The second one is the general two-outcome 
measurements described by Eqs. ([5]) and ([7]). This is the 
most general form of the measurements with two out- 
comes on C 2 . These two kinds of measurements have 
only two outcomes. Finally, we found that the recursive 
construction given in Eq. ([5]) with general two-outcome 
measurements allows the design of general iV-outcome 
measurements. 

The studies on measurement in quantum mechanics 
provide an interesting research field for both fundamental 
physics and applications. Systematic and simple meth- 
ods for the design of general measurements contributes 
to the development of this research area. 
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